In this paper uniformly rotating relativistic rings are investigated analytically utilizing two different approximations simultaneously: (1) an expansion about the thin ring limit (the cross-section is small compared with the size of the whole ring) (2) postNewtonian expansions. The analytic results for rings are compared with numerical solutions.
INTRODUCTION
The problem of self-gravitating, axially symmetric rings in equilibrium can be tackled in Newtonian gravity by expanding it about the thin ring limit, where the cross-section of the ring tends to a circle. Doing so, Kowalewsky (1885) , Poincaré (1885a,b,c) and Dyson (1892 Dyson ( , 1893 obtained series for homogeneous rings and Ostriker (1964a Ostriker ( ,b, 1965 and Petroff & Horatschek (2008) for polytropic rings. Alternatively by using a Roche model (Roche 1873) rings with a sufficiently soft equation of state can be described approximately, see Horatschek & Petroff (2009) .
With the help of numerical methods it was possible to study homogeneous rings and their connection to the Maclaurin spheroids (Wong 1974; Eriguchi & Sugimoto 1981; Eriguchi & Hachisu 1985; Ansorg, Kleinwächter & Meinel 2003c ) as well as non-homogeneous rings (Hachisu 1986) . Furthermore relativistic rings and their transition to the extreme Kerr Black Hole (Ansorg, Kleinwächter & Meinel 2003b; Fischer, Horatschek & Ansorg 2005; Labranche, Petroff & Ansorg 2007) can be calculated to near-machine accuracy.
However no analytic work has been done for relativistic rings. The reason may be that because of the non-linearity of Einstein's field equations the expansion about the thin ring limit does not work. In contrast, if one additionally expands the rings in a post-Newtonian series, following the methods used for studying post-Newtonian Maclaurin spheroids (Chandrasekhar 1967; Bardeen 1971; Petroff 2003) , it does. In this paper the first post-Newtonian corrections for homogeneous rings are calculated and the results are compared to numerical ones generated using a version of the code ⋆ E-mail: S.Horatschek@tpi.uni-jena.de (SH); D.Petroff@tpi.uni-jena.de (DP) described in Ansorg et al. (2003a) , but modified to rings, cf. Meinel et al. (2008) .
BASIC EQUATIONS
The matter model is that of a perfect fluid, i.e. the energymomentum tensor reads
where p is the pressure, c the speed of light, µc 2 the energy density and u i the four-velocity. We are considering homogeneous matter, by which we mean the mass-density is constant:
An axially symmetric, stationary spacetime containing (only) a rigidly rotating fluid can be described using the line element
where the metric functions depend only on ̺ and z. The coordinates are uniquely fixed by requiring that the metric functions and their first derivatives be continuous at the fluid surface. We introduce the further coordinates r and χ (see Fig. 1 )
where b is the 'centre of mass' of the ring's cross-section, defined by
and we have retained µ in this and the next equation in this paper to have expressions valid for the more general case in which µ is not constant. The parameter b is a coordinate dependent quantity and has no particular physical significance in contrast to invariants such as mass or angular momentum. Inserting (4) in the numerator of (5), one finds that
holds. Since we are considering rigid rotation, we can introduce the constant angular velocity Ω = u ϕ /u t . A locally non-rotating observer would measure the following threevelocity for a fluid element
see Bardeen (1970) . It is convenient to introduce the following dimensionless quantities
The field equations are
where G is the gravitational constant. Here ∇ is the nabla operator in a three-space with the cylindrical coordinates (̺, ϕ, z) and △m is a generalized Laplacian operator, which when applied to an axially symmetric function f = f (̺, z) gives
The operator is linear and becomes the standard Laplacian for m = 0, i.e. △0 = △. The vanishing divergence of the energy-momentum tensor, T ik ;k = 0, gives
where γ is a constant related to the relative redshift Z0 via
To be more precise, this is the redshift of photons emitted from the ring's surface and observed at infinity that carry no angular momentum.
POST-NEWTONIAN EXPANSION
Let us introduce the relativistic parameter
and the following expansions
where the even/odd powers of ε that appear in the sums come about from stationarity (simultaneous reversal in the direction of time dt → −dt and in the direction of rotation Ω → −Ω). The surface of the fluid, defined by vanishing pressure, will be parameterized by the function r = rs(χ), which we also expand
When one replaces Gµ/c 2 in the field equations by ε 2 /b 2 and expands them in ε, then the leading order equation comes from (9) and is the familiar Laplace/Poisson equation (in a somewhat unfamiliar notation)
and the expansion of (14) yields the Bernoulli equatioñ
whereṽ1 = ̺Ω1/b results from (7) and the superscripts 'i' and 'o' refer to the regions inside and outside the fluid respectively. To leading order, (6) becomes 
On the Newtonian boundary r0(χ),p2 = 0 holds and the function ν2 and its first derivatives must be continuous. It follows from asymptotic flatness that ν2 tends to zero at infinity. No analytic solution for rings is known even in the Newtonian case (described by the above equations). Instead, we solve them using an expansion about the thin ring limit as in Petroff & Horatschek (2008) . For example, the expansion for the Newtonian surface function is
with
and where it will be convenient to introduce
for later. The expression for r0 makes use of the fact that the cross-section tends to a circle of radius a for σ → 0, as mentioned in the introduction. The solution given for Newtonian rings in the above paper can be used here, where the relations
have to be taken into account and the index 'N' denotes a Newtonian quantity here to distinguish it from the relativistic quantity. Turning now to the first post-Newtonian correction, we find the equations
The first two of these equations are solved by
where we remind the reader that ν2,p2 andṽ1 are already known from the Newtonian order (cf. (28)) and in (34) α i 2 was replaced by −ν i 2 . Equation (14) gives
follows from the expansion of (7). Equation (6) yields
Additionally, the transition conditions at the fluid boundary become
r=r 0 (χ) = 0. (42) at this order. Vanishing pressure on the surface translates top
EXPANSION ABOUT THE THIN RING LIMIT
As with the Newtonian order, we expand the unknown functions as a power series in σ and a Fourier series in χ (the sine terms do not appear as a result of reflectional symmetry with respect to the equatorial plane):
where
and the parameter d introduced in (51) represents the postNewtonian contribution to the radius of the ring to leading order in σ. The relevance of this parameter will be discussed below. An important property of the Fourier series, is that they terminate due to the expansion in σ. The functions I l (y, χ) form an axially symmetric set of solutions to Laplace's equation, regular everywhere except at r = 0 and vanishing at infinity, see Petroff & Horatschek (2008) . The set K l (y, χ) is the analogue for the generalized Laplace's equation (31), that can be found using separation of variables in toroidal coordinates (η, ξ, ϕ). These are defined by
The set K l can be defined by
On the axis, they have the simple form
The idea now is to expand these functions with respect to σ and then proceed to solve the field equations iteratively. We demonstrate the technique with the leading order in σ.
THE SOLUTION TO THE EQUATIONS
The post-Newtonian correction to the surface to leading order in σ is
As with y0, this function is also independent of χ to leading order and fulfils (38). Inside the ring, (32) becomes 
whose regular solution is
The transition conditions are satisfied for
and where the constant G10 from (47) is
The generalized Poisson equation (34) 
Here, the transition conditions lead to
and for F10 from (45)
The equilibrium condition (36) gives an expression for the pressure coefficient q00 that can be combined with (43) to give q00 = 7 4 y 4 − (4λ + 14)y 2 + 4λ + 49 4 + 2d,
thus completing the solution to leading order in σ.
In general, stationary and axially symmetric fluids with a given equation of state are characterized by two parameters, e.g. gravitational mass and angular momentum. The corresponding post-Newtonian expansions contain two additional free parameters, which arise because of the freedom one has in choosing which two quantities contain no postNewtonian contribution, see Bardeen (1971) and discussion therein. We too would obtain two free parameters, but have already chosen to have b remain unchanged to first order in ε and thus only have d as a free parameter in the solution.
1
The leading order in σ is equivalent to an infinite cylinder, as in the Newtonian case, see Ostriker (1964a,b) . In Bičák et al. (2004) , relativistic, homogeneous cylinders and their post-Newtonian expansion are investigated. In that paper, there is no post-Newtonian contribution to the central pressure, which corresponds to choosing d = −2λ − 49/8 in our case. In order to compare our results to theirs, we introduce the proper radial coordinate and circumferential radial coordinate
The values of these coordinates on the cylinder's surface (using the choice for d given above) are found to be
(on surface) (71) in agreement with (6.10) and (6.11) in Bičák et al. (2004) . The expressions for the pressure, e.g. as a function of proper radial coordinate, can also be shown to agree. The expansion to higher orders in σ presents no particular difficulties and we have carried it out up to seventh order. The resulting coefficients can be found in Appendix A up to fourth order, but the results presented in the next section are given up to seventh order.
RESULTS
In the following it will be convenient to use dimensionless quantities, denoted by a bar:
where M is the gravitational mass, MB the baryonic mass and J the angular momentum. In particular
holds. In Table 1 , the Newtonian and first post-Newtonian results for the ring with the prescribed values ̺i/̺o = 0.7 
.9108 × 10 −1 −2 × 10 −2 −1 × 10 −3 −3 × 10 −4 3 × 10 −3 2 × 10 −3 J=2.3168 × 10 −4 1 × 10 −1 1 × 10 −2 8 × 10 −3 −8 × 10 −3 −2 × 10 −3 M =7.9661 × 10 −3 9 × 10 −2 1 × 10 −2 7 × 10 −3 −5 × 10 −3 −1 × 10 −3 M B =8.0842 × 10 −3 7 × 10 −2 1 × 10 −2 5 × 10 −3 −4 × 10 −3 −1 × 10 −3
and Z0 = 0.05 are compared with a highly accurate numerical solution in full General Relativity. In Newtonian theory, there is (strictly speaking) no redshift, but the leading term, Z0 = −V0/c 2 , contains only the Newtonian quantity V0 and the speed of light, showing the relativistic origin. This equation explains what is meant by the 'redshift' of a Newtonian configuration. The free parameter d is chosen in a number of different ways in the table. For one, we simply choose d = 0. Alternatively, we expand a chosen quantitȳ
and define d so that there is no post-Newtonian contribution
The solutions to these equations when expressed as series in σ are dΩ = − 144λ 2 + 240λ + 119 24(4λ + 1)
Throughout Table 1 , the post-Newtonian expressions yield a clear improvement compared to the Newtonian ones. The deviations from the accurate numerical values have two origins: Terms in σ and terms in ε are missing. Table 2 demonstrates that for rings with ̺i/̺o 0.7, q = 7 is sufficient for relative errors smaller than 10 −4 in the Newtonian case. One can estimate that the error due to terminating the series in σ at the order q results in a relative error of about (σ| ln σ|) q , where it is convenient to use
If the relativistic effects are large in comparison (as is the case in Table 2 although Z0 is only 0.05), then truncating in σ is negligible. A rough estimate for ε can be found by taking the leading term for the redshift in both ε and σ, inserting (78) and approximating slightly to find
The relative factor between the Newtonian and postNewtonian contribution to Ω is about 5| ln σ|(σε)
for the values from Table 2 . Tables 3 and 4 present analogous results for ̺i/̺o = 0.95 and Z0 = 10 −3 . The values of each expansion parameter (i.e. σ and ε) are small enough that extremely high accuracy is observed. This also permits us to see how the results improve as one proceeds to the post-Newtonian level and with increasing orders in σ. Tables 1 and 3 suggest that the choice d = dx is particularly accurate if the quantity x is prescribed. Figure 2 provides an example of the meridional crosssection of the surface shape of a ring. Both post-Newtonian results given there can be seen to constitute a marked improvement as compared to the Newtonian one. Moreover, we find that the choice d = dM gives a significantly better result than d = 0, which is also the case for most values in Tables 1 and 3. A similar behaviour can be found in Fig. 3 , where the pressure in the equatorial plane is plotted. Again the postNewtonian results demonstrate an improvement as compared to the Newtonian, and here too the choice d = dM leads to better results than d = 0.
The quality of the approximations can be seen for sequences of rings with the prescribed radius ratios ̺i/̺o = 0.95 (Fig. 4) and ̺i/̺o = 0.7 (Fig. 5) . The relativistic curve 'begins' in the Newtonian limit at the origin and 'ends' in an extreme Kerr Black Hole at the point (1, 1). The parametric transition of rings to Black Holes was first studied in Ansorg et al. (2003b) and had already been considered analytically for discs (Neugebauer & Meinel 1993; Meinel 2002) . It is not surprising that the accuracy of the Newtonian and postNewtonian curves in the vicinity of this ultra-relativistic point (at which Z0 → ∞) is so poor.
3 In contrast, the highly Table 2 . Comparison between the Newtonian and first post-Newtonian (pN) results for the dimensionless angular velocityΩ for different orders q in σ. The prescribed parameters for the ring are ̺ i /̺o = 0.7 and Z 0 = 0.05. The numerical calculations show that the value for Ω for the relativistic ring isΩnum = 0.49108 (cf. Table 1 ) and for the Newtonian one isΩ N,num = 0.48109 (see Table 1 in Ansorg et al. (2003b) relativistic regime can be probed quite accurately using very high orders of the post-Newtonian approximation, at least for the disc of dust (Bardeen & Wagoner 1969 , 1971 Petroff & Meinel 2001) . In the Newtonian regime,M 2 /J → 0, the curves become indistinguishable, as they must. Naturally, we require that there exist some neighbourhood of the Newtonian limit in which the post-Newtonian approximation provides an improvement compared with the Newtonian results. In order to check this, we have plotted the relative errors ∆ΩM = 1−(ΩM )/(ΩM ) relativistic in Figs 6 and 7. The errors corresponding to the sequence ̺i/̺o = 0.95 shown in Fig. 6 demonstrate the required behaviour. It is particularly apparent that d = dM produces better results than d = 0. For ̺i/̺o = 0.7, the Newtonian limit shown in Fig. 7 this relatively small radius ratio, the truncation of the series at the order q = 7 provides the limiting value to the accuracy of ∼ 10 −4 as discussed above. On the other hand, the limitation in the relative error of ∼ 10 −8 due to q = 7 for ̺i/̺o = 0.95 is beyond the accuracy shown in Fig. 6 .
We have seen, that as with spheroidal bodies, the postNewtonian approximation for toroidal ones can be used to great advantage. It is noteworthy that this work is possible without the existence of a known exact ring solution, even in Newtonian theory. It was therefore necessary to expand about the thin ring limit, which we were able to do up to high orders, making the results applicable even to fairly 'thick' rings. Table 4 . Comparison between the Newtonian and first post-Newtonian (pN) results for the dimensionless angular velocityΩ for different orders q in σ. The prescribed parameters for the ring are ̺ i /̺o = 0.95 and Z 0 = 10 −3 . The numerical calculations show that the value forΩ for the relativistic ring isΩnum = 0.096226144 (cf. Table A3 . Coefficients N i ik (y) up to the order q = 4. 
